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1
Introdution
Reent theoretial studies show that the properties of nulear matter an be desribed
niely in terms of the Relativisti Mean Field Theory (RMF) [1, 2, 3℄. Guihon proposed
an interesting model on the hange of the nuleon properties in nulear matter (QMF or
quark-meson oupling model (QMC)) [4℄. The model onstrution mimis the relativisti
mean eld theory, where the salar σ and the vetor meson ω elds ouple not with nuleons
but diretly with quarks. The quark mass has to hange from its bare mass due to the
oupling to the σ meson. In this work we shall investigate the quark matter within the
Relativisti Mean Field theory motivated by the Nambu-Jona-Lasinio (NJL) model [5℄[6℄[7℄.
The three-avor NJL model has been disussed by many authors, e.g. [8℄. To inlude the
strange quark the QMF model is extended by inorporating an additional pair of the strange
meson elds whih ouple only to the s quark [9℄. It is very interesting to onstrut the
Guihon model, where the nuleon is desribed in terms of onstituent quarks, whih ouple
with mesons and gluons. This model (we refer it as the quark mean eld (QMF) model was
named in [10℄). The meson elds at on quarks inside a nuleon or the neutron or quark
star and hange the bulk nulear properties. The QMF model predits an inreasing of the
nulear size and a redution of the nuleon mass in the nulear environment of the star.
The properties of strange quark matter (SQM) and the onjeture that SQM ould be the
absolute ground state of strongly interating matter [11, 12℄ have attrated muh attention
in nulear physis and astrophysis. In 1984 Farhi and Jae [13℄ found that SQM is stable
ompared with an
56Fe-nuleus. Still the bag model alulations play a key role in this eld
[14℄.
In the framework of the NJL model Babulla and Oertel [6℄ have showed that due to a
large onstituent quark the strange star is not absolutely stable. The quark-meson oupling
will redue the eetive quark mass what may make the existene of the strange star more
possible.
The aim of this work is to examine the inuene of the quark-meson oupling model on
the quark star or neutron star having the quarks ore.
2
The Quark Mean Field Theory
The elds of the model QMF for σ, ω and ρ-mesons are denoted as ϕ, ωµ, ρµ. To reprodue
the observed strongly attrative ΛΛ interation two additional meson elds are added, the
salar f0 and meson elds φ denoted as the elds ϕ∗and φµ. The Lagrange density funtion
for this model has the following form
L = −1
4
RaµνR
aµν − 1
4
FµνF
µν + 1
2
M2ω ωµω
µ + 1
2
M2ρ ρ
a
µρ
aµ
1
2
∂µϕ∂
µϕ− U(ϕ) + 1
4
c3(ωµω
µ)2+
i
∑2
f=1 Lfγ
µ∂µLf −∑2f=1 gf(LfHeRf + h.c.)+ (1)
iqγµDµq − q(mQ − gqsϕI2 − gqs∗ϕ∗I3)q+
1
2
∂µϕ∗∂
µϕ∗ − 12m2s∗ϕ2∗ − 14φµνφµν + 12M2φφµφµ.
The eld stress tensor of the vetor mesons have the following struture:
Raµν = ∂µρ
a
ν − ∂νρaµ + gεabcρbµρcν (2)
Fµν = ∂µων − ∂νωµ (3)
Gaµν = ∂µW
a
ν − ∂νW aµ + gfabcW bµW cν
φµν = ∂µφν − ∂νφµ (4)
The ovariant derivative ats on baryons as follows:
Dµ = ∂µ +
1
2
igqρρ
a
µτ
a + igqωωµI2 + ig
q
φφµI3 (5)
The potential in RMF [1, 15, 16℄ is given by
U(ϕ) = B0 +
1
2
m2sϕ
2 +
1
3
g2ϕ
3 +
1
4
g3ϕ
4
s (6)
The fermion elds are omposed of quarks and eletrons, muons and neutrinos
q =


u
d
s

 , I2 =


1 0 0
0 1 0
0 0 0

 I3 =


0 0 0
0 0 0
0 0 1

 τ
a =

 σ
a 0
0 0

 (7)
3
Parameter TM1[15, 16℄
M 938MeV
Mω 783MeV
Mρ 770MeV
ms 511.198MeV
ms∗ 975MeV
Mφ 1020MeV
mQ = m
∗
u = m
∗
d = m
∗
s 310.6MeV [6℄
mQ = m
∗
u = m
∗
d 6= m∗s 367.7MeV ,549.5MeV [7℄
g3 7.2325 fm
−1
g4 0.6183
gs = gσN = 3g
q
s 10.0289
gω = gωN = 3g
q
ω 12.6139
gρ = gρN = g
q
ρ 4.6322
gs∗ = gσ∗Λ = 2/3 gs gs∗ = 3g
q
s∗
gφ = gφΛ =
√
2/3 gω = 3g
q
φ c3 = 71.3075
TABLE I: Parameter sets for the Lagrangian funtion (1).
L1 =

 νe
e−


L
, L2 =

 νµ
µ−


L
, eRf = (e
−
R, µ
−
R). (8)
ms, Mω, Mρ are masses assigned to the mesons elds Here q denotes a quark eld with three
avors, u, d and s, and three olors. The Lagrangian funtion inludes also the nonlinear
term
1
4
c3(ωµω
µ)2. We start with equal dynamial quark masses mQ = m
∗
u = m
∗
d = m
∗
s =
310.6MeV (the SU(3)-symmetri quark matter with starting m0,u = m0,d = m0,s = 0)[6℄
and a bag pressure B0 = 57.3 MeV/fm
3
originated from the Nambu-Johna-Lasinio model
LNJL = iqγ
µDµq − qm0q +G
8∑
a=0
{(qλaq)2 + (iqλaγ5q)2}. (9)
4
We restrit ourselves to the isospin SU(2) symmetri ase, mu0 = m
d
0, so
m0 =


m0,u
m0,d
m0,s


In the quark massless limit the system has a U(3)L ×U(3)R hiral symmetry. The model is
not renormalizeable and we have to speify a regularization sheme for divergent integrals.
For simpliity we use a sharp ut-o Λ in 3-momentum spae. Besides Λ we have to x
the oupling onstants G and the urrent quark masses m0,u and m0,s. In most of our
alulations we will adopt the parameters of [6℄ Λ = 602.3 MeV, GΛ2 = 1.835. With
Λ, G and K as speied above, hiral symmetry is spontaneously broken. The possible
existene of deonned quark matter in the interior of neutron stars using the NJL model
was examined in paper [7℄. In the work [7℄ the non-symmetrial quark masses mQ = {m∗u =
m∗d = 367.7MeV, m
∗
s = 549.5MeV } are obtained (with starting m0,u = m0,d = 5.5 MeV,
m0,s= 140.7 MeV).
The Euler equation for ΦA = {ϕ, ϕ∗, ωµ, ρµ, φµ, q} elds are
✷ϕ = m2sϕ+ g2ϕ
2 + g3ϕ
3 − gqsqI2q (10)
✷ϕ∗ = m
2
s∗ϕ∗ − gqsqI3q (11)
− ∂µF µν =M2ωων + c3(ωµωµ)ων − gqωJνSU(2) (12)
− ∂µφµν = M2φφν − gqφJνU(1) (13)
where
JνSU(2) = qγ
νI2q (14)
is the SU(2) up and down quark urrent while
JνU(1) = qγ
νI3q (15)
is the U(1) strange quark urrent. The nonabelian gauge eld ρν,a obeys
−DµRµν,a = M2ρ ρν,a − gqρJν3 (16)
where
Jν3 =
1
2
qγντ 3q (17)
5
is the isospin SU(2) urrent. In the system we have onservation of nuleon harge
QN =
∫
d3xJ0SU(2)
the isospin harge
Q3 =
∫
d3xJ03
and the hyperon harge
QH =
∫
d3xJ0U(1)
The last is the Dira equation
iγµDµq − (mQ − gqsϕI2 − gqs∗ϕ∗I3)q = 0. (18)
The physial system is totally dened by the thermodynami potential [17℄
Ω = −kT lnTr(e−β(H−µNQN−µ3Q3−µHQH)) (19)
where H is the Hamiltonian of the physial system
H =
∑
A
∫
d3x{∂0ΦAπAΦ − L} (20)
and πA = ∂L
∂(∂0ΦA)
is a momentum onneted to the eld ΦA. The elds ΦA = {ϕ, ϕ∗, ωµ,
ρµ, φµ, q} denote all elds in the system. In this paper we shall use the eetive potential
approah build using the Bogolubov inequality [15, 18℄
Ω ≤ Ω1 = Ω0(mB, mF )+ < H −H0 >0 (21)
Ω0 is the thermodynami potential of the trial system as eetively free quasipartile system
desribed by the Lagrange funtion
L0 = 12∂µϕ∂µϕ− 12m2sϕ2 + 12∂µϕ∗∂µϕ∗ − 12m2sϕ2∗+
−1
4
R
a
µνR
aµν − 1
4
F µνF
µν − 1
4
φµνφ
µν
(22)
+1
2
M2ωωµω
µ + 1
2
M2ρρ
a
µρ
aµ + 1
2
M2φφµφ
µ
+
∑
f=u,d,s qf(iγ
µDµ −mF,f)qf
Similar to the general ase
R
a
µν = ∂µρ
a
ν − ∂νρaµ
and
F ω,µν = ∂µων − ∂νωµ.
6
and for gluons
G
a
µν = ∂µW
a
ν − ∂νW aµ
We deompose the ΦA eld into two omponents, the eetively free quasipartile eld Φ˜A
and the lassial boson ondensate ξA
ΦA = Φ˜A + ξA (23)
In the ase of the RMF model we have
ϕ = ϕ+ σ (24)
ϕ∗ = ϕ∗ + σ∗ (25)
ωµ = ωµ + wµ, wµ = δµ,0w (26)
ρaµ = ρ
a + raµ, r
a
µ = δ
a,3δµ,0 r (27)
φµ = φµ + wµ∗, wµ∗ = δµ,0w∗ (28)
The ξA = {σ, w, r, w∗} eld will be treated as the variational parameters in the eetive
potential. Also the boson and fermion mass mB, mF will be treated as as the variational
parameters. The ovariant derivative for the trial system is
Dµ = ∂µ +
1
2
igqρr
a
µσ
a + igqωwµ + ig
q
φwµ∗ (29)
This introdue the homogenous fermion interation with boson ondensate wµ, r
a
µ, wµ∗. The
fermion quasipartile will obey the Dira equation
(iγµDµ −mF )ψf = 0 (30)
The onstant ondensate w, r simply shift the hemial potential from µi = µ
0
i (when
w = r = 0) to
µu = µ
0
u +
1
2
gqρr − gqωw (31)
µd = µ
0
d −
1
2
gqρr − gqωw (32)
µs = µ
0
s − gqφw∗ (33)
7
where µu = µ+
1
2
µ3 and µd = µ− 12µ3.
Quarks and eletrons are in β-equilibrium whih an be desribed as a relation among their
hemial potentials
µd = µu + µe = µs
where µu, µd, µs and µe stand for quarks and eletron hemial potentials respetively. If
the eletron Fermi energy is high enough (greater then the muon mass) in the neutron star
matter muons start to appear as a result of the following reation
d→ u+ e− + νe
s→ u+ µ− + νµ
In a pure quark state the star should to be harge neutral. This gives us an additional
onstraint on the hemial potentials
2
3
nu − 1
3
nd − 1
3
ns − ne = 0. (34)
where nf (f ∈ u, d, s), ne the partile densities of the quarks and the eletrons, respetively.
The EOS an now be parameterized by only one hemial potential, say µu = M x. Variation
∂f1
∂mF
= 0
with respet to the trial system L0 gives
mF,u,d = mQ − gqsσ = Mδu,d (35)
mF,s = mQ − gqs∗σ =Mδs (36)
In the loal equilibrium inside the star the free energy reahes the minimum at σ.
The same result may be ahieved alulating the averages of the equation of motions
(10) for the eetive system L0. In the mean eld approximation the meson eld operators
are replaed by their expetation values. We also onsider the isotropi system at rest. As
< qq >0 (alulated with respet to L0 system) depends on the eetive quark mass mF (or
σ, σ∗ ) the equation (10) is highly nonlinear also with respet to σ.
Calulation base on the relation
∂fF
∂mF,f
=< qq >0
8
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FIG. 1: The eetive quark masses.
gives
< qfqf >0=
mF
π2
∫ ∞
0
p2dp√
p2 +m2F
{ 1
exp(β(ǫp − µf)) + 1+ (37)
1
exp(β(ǫp + µf)) + 1
}.
The quantum average < qfqf >0 depends on the quark hemial potentials (31,32). In the
result the eetive quark eetive massmF also will be dependent on the hemial potentials.
In the result the solution σ of the equation (10) also will be dependent. The same situation
will onsider other elds.
The eetive quarks mass mF,f (or δf = mF,f/M ) dependene on the dimensionless
Fermi momentum xF is presented on the Fig.1. To alulate the properties of the quark star
we need the energy-momentum tensor. We dene the density of energy and pressure by the
energy - momentum tensor
< Tµν >= (P + ǫ)uµuν − Pgµν
where uµ is a unite vetor (uµu
µ = 1). Similar to paper [15, 19℄ we have introdued the
dimensionless Fermi momentum even at nite temperature whih exatly orresponds to
the Fermi momentum at zero temperature. Both ǫF and PF depend on the quark hemial
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FIG. 2: The quark and neutron (TM1) and hyperon equation of state.
potential µ or Fermi momentum xF . This parametri dependene on µ (or xF ) denes the
equation of state. The various equations of state for dierent parameters sets is presented
on Fig.2.
The quark star properties
The numerial results desribing the struture of neutron or quark star are based on the
relativisti mean eld theory are now presented. It is possible to desribe a stati spherial
star solving the OTV equation.
dP (r)
dr
= −G
r2
(ρ(r) +
P (r)
c2
)
(m(r) + 4pi
c2
P (r)r3)
(1− 2Gm(r)
c2r
)
(38)
dm(r)
dr
= 4πr2ρ(r) (39)
Having solved the OTV equation the pressure p(r), mass m(r) and density ρ(r) were ob-
tained. To obtain the total radius R of the star the fulllment of the ondition p(R) = 0
is neessary. This allows to determine the total gravitational mass of the star M(R). The
M(R) for the quark star is presented on the Fig. 3. The R(ρ) dependene for the quark star
is presented on the Fig. 4. For the quark star with the entral density ρc = 2 10
15 g/cm3 the
10
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FIG. 3: The M(R) dependene for the quark star.
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FIG. 4: The R(ρ) dependene for the quark star.
star prole in the mean eld approah is presented on the Figs. 5,6,8. The eetive quark
hemial potential are presented on the Fig. 5.
The quark and eletron Fermi momentum inside the star is presented on Fig. 6. This
Fermi momentum distribution omes from the quark dispersion relation presented on the
11
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FIG. 5: The eetive quark hemial potential for the quark star with the entral density ρc =
21015 g/cm3
Fig. 7. The meson eld ωµ and φµ prole inside the star is presented on the Fig. 8. The
biggest ontributions to the energy density ome from the quarks, the gauge boson eld ωµ,
φµ and salar boson eld ϕ, ϕ∗. The quark eetive mass prole inside the star is presented
on Fig. 9. This dierene between strange and up, down quarks deepens inside the star. Its
inuenes on the quark partial fration dened as
Xf =
nf
(nu + nd + ns)
, (40)
where f = (u, d, s), presented on the Fig. 10. We see that both pure neutron star (Xd =
2/3, Xu = 1/3) and strange star (Xu = Xd = Xs) are rather mathematial limits. The
eletron distribution inside the quark star in presented on the Fig. 11.
In the at spaetime the preferred onguration is realized for the system with minimum
of free energy. As pressure is dened as
P = −∂F
∂V
,
this means that the stable onguration should have bigger pressure. Aording to the
equation of state (Fig. 2) as was pointed in the strange star onguration is unstable. As
a onsequene there seems to be no hane to nd SQM with energies per baryon number
12
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FIG. 6: The quark and eletron Fermi momentum inside the star
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FIG. 7: The quark Fermi momentum distribution.
lower than in ordinary nulei. This almost rules out the original idea of absolutely stable
SQM.
However, when hyperon are inluded there is rossing point at
ρcs = 8.92 10
14 g/cm3
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FIG. 8: The meson eld ωµ and φµ prole inside the quark star.
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FIG. 9: The quark eetive mass prole inside the star.
above whih the strange quark ore (the Buballa, Oertel parameters set [6℄) may appear.
This will happen when the star entral density ρc exeed ρcs. However, Fig.4 shows that the
hyperon star is unstable in this region. A mixed hyperon star with strange quark ore an
be stabilized if the the equation of state will be more softer (inluding the kaon ondensation
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FIG. 10: The quark partial fration inside the star.
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FIG. 11: The eletron distribution inside the quark star.
[20℄, for example).
Unfortunately, the strange star with Shetler at al. parameters set [7℄ is unstable due to
a large onstituent strange quark mass (m∗s = 549.5MeV ). In the at Minkowski spaetime
the nuleon binding energy is presented on Fig.12.
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FIG. 12: The nulear binding energy as the relative baryon number u = n/n0 (n0 = 0.17 fm
−3
for
the nulear symmetri matter).
All these onsiderations onerning the star stability ware done in the at Minkowski
spaetime. However, a neutron or quark star is mainly binded by gravity. They binding
energy [21℄ are equal to
∆E = c2M − c2MB = (c2M − c2Mp) + (c2Mp − c2MB), (41)
where
Mp =
∫ R
0
4πr2dr(1− 2Gm(r)
c2r
)−
1
2ρ(r) (42)
is the proper mass of the ompat objet and
M =
∫ R
0
4πr2drρ(r) (43)
is the gravitational mass. The gravitational binding energy for the hyperon and quark star
is presented on Fig. 13. MB is the baryoni mass dened as
MB =
∑
B
mBNB (44)
where mB is the baryon mass and the baryon number is equal to
NB =
∫ R
0
4πr2dr(1− 2Gm(r)
c2r
)−
1
2nB(r) (45)
The star mass deit
∆M = (Mp −M)
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FIG. 13: The star gravitational binding energy as a funtion of the star baryon number N/N⊙
(N⊙ = 1.187 10
57
is the baryon number of the Sun).
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FIG. 14: The star mass deit alulated in the Sun units (M⊙c
2 = 1.787 1054 ergs) as a funtion
of the star entral density.
is presented on Fig.14. The quark star is stable with respet to the gravitational binding
energy (Fig. 13). The dierene of the gravitational binding energy for the hyperon and
quark star is order of
∼ 8.9 1052 ergs (46)
Suh a doze of energy may be released during onversion of the neutron star into quark
star. For example, the MB = M⊙ hyperon star with the mass M ∼ 0.92M⊙, radius
17
R ∼ 13 km and entral density ρc ∼ 4 g/cm3 will transform into the quark star with the
mass M ∼ 0.85M⊙, radius R ∼ 8.5 km and entral density ρc ∼ 8.9 g/cm3 (Figs. 13,14).
This onversion may explain nature of the gamma-ray bursts [22℄.
Conlusion
Quark meson oupling model was designed to desribe both the bulk and internal stru-
tures of nulear phenomenology desribed in terms of the Relativisti Mean Field Theory
(RMF) [1℄. The hyperon-hyperon interation mediated by the ϕ∗and φµ mesons is expeted
to be important for hyperon rih matter present in the ores of neutron star or ore of the
quark star. The quarks interation is a bit dierent for the u, d and s quarks. This inter-
ation breaks the starting SU(3) aver symmetry. The real quark star still is dominated by
the u, d quarks with smaller presene of the s quarks. Only in the mathematial limit of
the ore high density we have the strange star (Xu = Xd = Xs) ase. The appearane of
deonned quark matter in the enter of the neutron star demands soft nulear equation of
state. The quark star ours stable when the gravitational binding takes into onsideration.
Appendix: The hyperon star in the Relativisti Mean Field Theory
To ompare the quark star with neutron one we shall use the RMF model of the neutron
star inluding the Λ hyperon [23℄. This is a simple generalization of the paper [15℄. The
model onsists following mesons: ϕ, ωµ, ρ
a
µ with masses ms = 510MeV , Mω = 783MeV ,
Mρ = 770MeV , and ϕ∗, φµ with masses ms∗ = 975MeV , Mφ = 1020MeV . The fermion
elds are omposed of protons, neutrons and Λ hyperon
ψ =

 ψp
ψn

 , ψΛ
with masses M = 938MeV , MΛ = 1115.6MeV .
The Lagrange funtion is:
L = −1
2
∂µϕ∂
µϕ− U(ϕ)− 1
4
FµνF
µν − 1
2
M2ωωµω
µ
(47)
−1
4
c3(ωµω
µ)2 − 1
4
RaµνR
aµν − 1
2
M2ρρ
a
µρ
aµ
(48)
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−1
2
∂µϕ∗∂
µϕ∗ − 1
2
m2s∗ϕ
2
∗ −
1
4
ΦµνΦ
µν − 1
2
M2φφµφ
µ
(49)
+iψγµDµψ − ψ(M − gσNϕ)ψ (50)
+iψΛγ
µDµψΛ − ψΛ(MΛ − gσΛϕ− gσ∗Λϕ∗)ψΛ (51)
where Fµν is the stress tensor of the form
Fµν = ∂µων − ∂νωµ,
and the tensor Raµν has the form
Raµν = ∂µρ
a
ν − ∂νρaµ + gρεabcρbµρcν
and the salar potential is
U(ϕ) =
1
2
M2σϕ
2 +
1
3
g2ϕ
3 +
1
4
g3ϕ
4,
where c3, g2, g3 are onstant of the TM1 model [15, 18℄. For the hyperon setor
Φµν = ∂µφν − ∂νφµ,
The ovariant derivative are dened now as
Dµψ = (∂µ +
1
2
igρNρ
a
µσ
a + igωNωµ)ψ, (52)
DµψΛ = (∂µ + igφΛφµ)ψΛ (53)
The oupling onstants are
gσΛ =
2
3
gσN
gσ∗Λ =
√
2
3
gσN
for SU(6) symmetry, the oupling onstants gσN , gωN are the same as for the TM1 param-
eters set [15℄ and
gφΛ =
√
2
3
gωN
[9℄. The eetive mass of nuleon is
m∗N = M δ =M − gσΛσ (54)
and
m∗Λ = MΛ =M δΛ = gσΛσ − gσ∗Λσ∗ (55)
for the Λ hyperon. The eetive mass is presented on Fig 15. This model allows us to
alulate the equation of state presented on Fig.2.
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FIG. 15: The eetive mass δ = m∗F /M for nuleon and Λ as funtion of the nuleon Fermi
momentum x = kF /M .
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